Abstract The problem of the correct expression for the force on a magnetic dipole in vacuum is discussed. Different models of magnetic dipole are considered and particular attention is given to the presence of hidden momentum, which modifies the usual expression for the force on a current-loop dipole when the external electromagnetic field is not static.
INTRODUCTION
Classical electrodynamics is, together with classical mechanics, a cornerstone on which the imposing edifice of the present-day physics, and thus much of modern technology, is built. It may therefore come to many as a surprise that, in this wellestablished discipline, such a basic and practical problem as that of the expression for the force on a magnetic dipole in vacuum has been the subject of ongoing discussions and controversy for many years. A proper understanding of this problem with its unexpectedly subtle aspects has been gained only relatively recently, after the realization 25 years ago that a current-carrying body whose centre of mass is at rest can nevertheless have a nonzero linear momentum, called hidden momentum [1, 2] .
It is felt that these findings, which have been so far confined to the literature on pure physics, would be of interest to a wider audience, in particular to one concerned with technological applications utilizing magnetic forces on matter.
The present paper is an account of the problem of the force on a magnetic dipole in vacuum, and its solution in the current physics literature on electromagnetism. The paper is written from a physics, as opposed to technology perspective, but the problem is treated informally using physical arguments only, with references given to more rigorous derivations and calculations. In the second section of the paper, the magnetic-charge and current-loop models of magnetic dipole are introduced and their differences and relevance to physics are discussed. In the third section, the concept and necessity of hidden momentum are explained. In the last section, the correct expression for the force on a current-loop magnetic dipole, which takes into account the existence of hidden momentum, is derived.
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V. HNIZDO 
DIFFERENT MODELS OF MAGNETIC DIPOLE
The magnetic dipole is the simplest system that produces a magnetic field. In vacuum, it is, apart from its mass, specified completely by giving its magnetic dipole moment, which is the lowest-order magnetic moment as no free magnetic charges, or monopoles, are found in nature. Nevertheless, in analogy with electrostatics, it is sometimes found useful to model a magnetic dipole as two opposite magnetic charges separated by a small distance. The magnetic field produced by such a magneticcharge dipole is the same as that of a dipole that is modelled by an electric current loop, i.e., a dipole whose moment is that of a localized electric current distribution.
We assume the limit of a point magnetic dipole, or, perhaps more physically that the dimensions of the dipole are sufficiently small compared to the distances at which its magnetic field would be considered. This assumption is, of course, already implied by our disregard of magnetic moments in the dipole that are of higher order than magnetic dipole; such moments, strictly speaking, do not vanish in systems of finite dimensions.
The two models of magnetic dipole lead, however, to different expressions for the force that the magnetic dipole experiences in an external electromagnetic field.
The expression for the force on a magnetic-charge dipole is analogous to that for an electric dipole, and is given by [3] (1)
Here m is the magnetic dipole moment of the dipole, B is an external magnetic flux density and E is an external electric field. To free the discussion from the problerns with defining the magnetic dipole moment of a body that is immersed in a permeable medium [4 ] , we shall consider here only the case when B =/z0I-I, i.e., when the permeability of the external medium equals that of the vacuum. Also, it will be always assumed that the dipole is at rest to avoid complications connected with the fact that a moving magnetic dipole has an effective electric dipole moment, in addition to the magnetic one. It is important to note that we do not assume that the external fields B and E have to be static and that even the magnetic moment m can vary with time, giving rise to the second term in Eq. 1 ).
On the other hand, the force on a current-loop magnetic dipole, as for example derived in the authoritative textbook of Jackson [5 ] , is given as
To see the difference between the forces of Eqs. 1 and 2 more clearly, one can use in nq. [6] showed conclusively that the force on the magnetic dipole moment of the neutron has the term p0m x J predicted by the current-loop model in Eq. 4 ). It is now generally accepted that the magnetic moments of electrons and atomic nuclei can be modelled accurately by circulating electric currents.
The current-loop model is then the physically correct representation of all magnetic dipoles occurring in nature, including those that arise from a magnetization, permanent or induced, of material bodies. For a finite-size body of magnetizable matter placed in an external magnetic field, the expression for the force on a magnetic dipole must be suitably adapted to reflect the fact that the magnetic moment of such a body depends on the value of the field inside the body and that this field is different from the external field. We shall not be concerned here with these wellknown facts, important they may be in many applications, and shall concentrate on the investigation of the relevance of hidden momentum for the force on a magnetic dipole. It will turn out, surprisingly, that Eq. (4) (or, equivalently, Eq. (2) which is the sum of the momentum mv of its translational motion and its hidden momentum p0e0m x E. The force that determines the acceleration of the dipole, i.e.
rn dv/dt, is then given correctly as [2] F V(m-B) #oeot(m x E).
Using Eq. 4 
